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1. Introduction 

When analyzing the motion of an object situated in a reference frame rotating witli uniform 
angular velocity one has to take into consideration the Coriolis forces acting upon the object. 
Particularly, when studying water waves traveling over an inviscid fluid at the Earth's sur- 
face, due to the rotation of the Earth around its axis, there are Coriolis and centrifugal 
forces which appear and influence the motion of the fluid particles, cf. |1HI24). These forces 
add additional terms in the Euler equations and makes their analysis even more involved. 

When neglecting the effects caused by the Earth's rotation, there exists an explicit 
solution for gravity deep water waves which was found first by Gerstner |12j and later on 
by Rankine |25| . Its features have been analyzed more recently in [YlllSj. Gerstner's solution 
describes the evolution of each individual fluid particle in the flow: each fluid particle moves 
on a circle, and the radius of the circle decreases with depth. Moreover, the flow is rotational 
and the vorticity decays with depth. 

That for Gerstner's wave fluid particles move on circles is in agreement with the clas- 
sical description of the particle paths within the framework of linear water wave the- 
ory |10 |ll7f[T9l l26): all water particles trace a circular orbit, the diameter of which decreases 
with depth. However, it was recently shown within linear theory OET] that for irrotational 
periodic water waves the particle paths are not closed. Even within the linear water wave 
theory, the ordinary differential equations system describing the motion of the fluid parti- 
cles is nevertheless nonlinear and explicit solutions of this system are not available. How- 
ever, qualitative features of the underlying flow have been obtained in a nonlinear setting 
in [5ll6l[9l[T3 l l2 H I22 | l28|. The particle trajectories and other properties for the flow beneath 
water waves of finite depth have been obtained in [3l[71l8l[T ^ ll6 | l20| . to mention just some of 
the contributions. 

It is worth mentioning that there exists an explicit solution describing the propagation 
of edge-waves along a sloping beach which is obtain in [2] by adapting Gerstner's solution. 
More recently, it was shown in |27| that Gerstner's idea may be used to construct an explicit 
solution for non-homogeneous deep water waves and for edge-waves along a sloping beach. 

In this paper we consider the problem for gravity deep water waves in a reference frame 
rotating with uniform angular velocity. Neglecting the influence of centrifugal force, which is 
small compared to that due to the Coriolis force, and assuming that we are at the Equator, 
the mathematical formulation we deal with is the so-called /—plane approximation, see 
the discussion in |3] for the physical relevance of this approximation near the Equator. For 
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this problem we find an exphcit Gerstner's wave solution, which is a periodic wave over a 
rotational flow. Similarly as for waves without Coriolis effects, the particles move on circles 
and the radii of the circles, as well as the vorticity of the particles, decay with depth. 

The outline of the paper is as follows: after presenting in Section[2]the governing equations 
for our problem we introduce in Section [3l by using a Lagrangian description, the explicit 
Gerstner solution of the water wave problem in the /—plane approximation. 

2. The governing equations 

In a rotating frame work with the origin at a point on earth's surface, with the rr— axis 
chosen horizontally due east, the y— axis horizontally due north and the z— axis upward, let 
z = ri{t, X, y) be the surface of the ocean. In the region z < r]{t, x, y) the governing equations 
in the /—plane approximation near the Equator are cf. |llj the Euler equations 

Ut + UUx + VUy + WUz + 2UJW = —Px/ p, 

Vt + UVx+VVy + WVz = -Py/p, (2.1) 

wt + uwx + vwy + wwz — 2oju = —Pz/p — g, 

and, under the assumption of constant density, the equation of mass conservation in the 
form 

Ux + Vy + Wz = 0. (2.2) 

Here t represents time, (it,fj_w) is the fluid velocity, uj = 73 ■ W~^rad/s is the (constant) 
rotational speed of the EarttlfJ round the polar axis towards east, p is the (constant) density 
of the water, g = 9, 8m/ s'^ is the (constant) gravitational acceleration at the Earth's surface, 
and P is the pressure. The free surface decouples the motion of the water from that of the 
air (see the discussion in [5]), a fact that is expressed by the dynamic boundary condition 

P = Po on z = r]{t,x,y), (2.3) 

where Pq is the (constant) atmospheric pressure. 

In this paper we seek two-dimensional flows, independent upon the y— coordinate and 
with V = throughout the flow. Such flows are possible in this setting; in particular, the 
vorticity equation (see |24) ) ensures that the vorticity 7 = (0,^2 — Wx,0) is preserved. By 
abuse of notation we identify 7 with the scalar Uz — Wx- 

Since the same particles always form the free surface, we also have the kinematic bound- 
ary condition 

w = rjt + urjx on z = r](t, x), (2-4) 

expressing the fact that a particle on the free surface remains confined to it (see the discussion 
in[S]. 

The boundary condition at the bottom 

{u,w) —7- (0,0) asz — )■ —00 uniformly for x € M, t > 0, (2-5) 

expresses the fact that at great depths there is practically no motion. Summarizing, the 
governing equations for geophysical deep-water waves in the /—plane approximation are 



''Taken to be a perfect sphere of radius 6371fcm. 
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encompassed by the nonhnear free-boundary problem 



Ut + UUx 


+ WUz + 2UJW = 
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(2.6) 



3. Gerstner's wave 

We prove herein that the problem (|2.6p has an explicit Gerstner-like solution solution. Simi- 
larly as for waves without Coriolis effects, in this setting Gerstner's wave is a two-dimensional 
wave which is defined in Lagrangian framework by describing the evolution of individual 
water particles. The water particles are parametrized by using two parameters a G M and 
6 < 6o for a fixed bo < 0. Choosing a particular particle, that is fixing a and b, its evolution 
is described by the following relations 

{x{t,a,b) = a — ^ sm{ka — kct), ^ ^ 

z{t, a,b) = b + ^ cos{ka — kct), 

where A; > is fixed and c > has to be determined. The path of this particle is a circle 
centered at (a, b) with radius e^^/k, with the particle moving clockwise with constant angular 
speed kc. We can obtain the description of motion of another particle by changing the values 
of a and b in ()3.ip . 

In order to show that ()3.ip provides a solution of the the problem (|2.6p we prove that: 



(1) there exist a suitable constant c and a pressure function P such that Euler's equations 
(the first two equations in (j2.6p ) and the fifth equation in (j2.6p are satisfied; 

(2) the equation of mass conservation (the third equation in (|2.6p ) holds; 

(3) a particle on the free surface remains there (the sixth equation in (j2.6p ): 

(4) the limiting boundary condition (|2.5p is satisfied; 

(5) the vorticity of the fiow, i.e. the function 7, is non-zero and decays with depth. 
3.1. Lagrangian coordinates 

The Lagrangian description of motion is the appropriate one for describing Gerstner's wave. 
In Lagrangian coordinates the variables x and z, denoting the position (in the physical 
frame) of a particle at time t, are functions of (a, 6). Set Sq := M x (—00,60) for some 
bo < 0. For each t > 0, we define the mapping 

$(t)(a, b) := {x{t, a, b), z{t, a, b)) for ah (a, b) G Eq, 

where {x{t,a,b),z{t,a,b)) are given by ()3.ip . The Jacobi matrix of this transformation is 
then given by 

XaXb\ _ ( ^ — ^^'^ cos{ka — kct) —e^^ sin(A;a — kct) \ 



yzazb) \ -e^^s\n{ka-kct) 1 + e''^ cos{ka - kct) ) ' ^^'^^ 
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As first result, we state the fohowing lemma, for the proof of which we refer to [5]. 

Lemma 3.1. Given t > 0, the function defines a real-analytic diffeomorphism from 

Eg onto its image Vt{t). Moreover, there exists a function r/ : M — ?• M, which is periodic of 
period 27r//c such that 

Q{t) = {{x, z) : X E M and z < r]{t, x) := r]{x — ct)}. 

Remark 3.1. Since the map a i-^ x{t, a, h) is a bijection from M to M its inverse x~^{t, •, ho) : 
R — 7> M is well defined. Then, the function r] is defined by 7]{(^) := z(0, x~^(0, C, 6o)) ^o)- 

When bo = 0, then the graph of the function rj, the wave profile, is a cycloid and is real 
analytic excepting the points where x = irm/k, m G Z, while for 6o < is a real-analytic 
curve, called trochoid, see [T]. This is due to the fact that the wave profile at time t, t >0, 
is the image of R x {bo} under ^{t). 

For further computations, it is useful to determine the Jacobian matrix corresponding 
to the inverse of $ 



1 f 1 + e^^ cos{ka - kct) e^^ sin(A;a - kct) \ 
1 - e2fcfe V sin(A;o - kct) 1 - e''^ cos{ka - kct) ) 



(3.3) 



Setting <I> {t){x,z) := {a{t,x, z),b{t,x, z)) for (x, z) G i^{t), we have 

a{t, x{t, a, 6), z{t; a, b)) = a, 
b{t, x{t, a, 6), z{t\ a, b)) = b. 

Differentiating now in the last expression with respect to t we obtain 

at + OxXt + OzZt = 0, 
bt + b^xt + bzZt = 0. 



(3.4) 



We look now for a constant c such that the equations of the system ()2.6p are satisfied in the 
domains f](t) for all i > 0. Since the trajectories of the particle determined by (a, 6) G Sq 
is given by (j3.ip . the components of the velocity vector are found by differentiating these 
relations with respect to time 

u{t, X, z) = xt{t, a{t, X, z),b{t, X, z)), ,^ 
w{t, X, z) = Zt{t, a{t, X, z), b{t, X, z)). 

Differentiating in (|3.5p with respect tot,x and z, respectively, we get the following derivatives 
of u and w 

xtt + xtaat + xtbbt, ( wt = ztt + ztaat + ztbh, 

xtaax + xtbbx, and < vu^ = ztaa^ + Ztbbx, (3.6) 

Xtaaz + Xtbbz, [wz = Ztattz + Zfbbz- 



Lemma 3.2. Given t > 0, we have that 

ut + uux + wuz = Xtt cLi^d wt + uwx + wwz = Ztt in ^{t). (3-7) 
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Proof. Using the relation (j3.6p . we get 

Ut + UUx + WU;, =Xtt + Xtaat + Xtbh + XtXtattx + XtXtbbx + ZtZtattz + ZtXtbb-^. 

Furthermore, if we multiply the first relation in (|3.4p with xta and the second one by xtb we 
find 

Xtaat = -XtXtaO-x - ZtXtattz and Xtbh = -XtXtbbx - ZtXtbbz- 

Plugging these expressions into the previous relation, we obtain the first identity in ()3.7[) . 
The second identity is obtained in a similar manner. □ 

In order to verify Euler's equations, we have to determine also a function P = P{t, x, z) 
for the pressure. By the change of variables between the Lagrangian and Eulerian coordinates 
we have Px = PaO-x + Pbbx and P^ = PaO-z + Pbbz, so that the first two equations in ()2.6p 
are equivalent with 

f pxtt + 2ujpzt = -Paax - Pbbx, /g gN 

\ pztt - 2upxt = -PaCLz - Pbbz - gp- 



Lemma 3.3. The speed of the wave is 



and the pressure is given by the following expression 

p{kc^ + 2wc) ( okb 



P = Po + 



(e'''-e2'=^») -pg(6-6o). (3.10) 



2k 

Proof. Writing the system ()3.8p in matrix form we have 

{Pa Pb) {^^ "fj""^ = {-pxtt - 2ujpzt - pztt + 2ujpxt - gp) , 
and, using the relation = d^{t), we find the following equivalent formulation of 

Pa = -{pXtt + 2u)pZt)Xa - (pZtt - 2ujpXt + gp)Za, (3.11) 

Pb = -{pxtt + 2u}pzt)xb - {pztt - 2u}pxt + gp)zb. (3-12) 
Taking into account that 



xt = ce^^ cos{ka — kct), xtt = kc?e^^ sin(/ca — kct), 
zt = ce'^^ sm(ka — kct), ztt = —k(?e^^cos{ka — kct), 

and using p.2p . the relation p. lip may be written the following form 

Pa = [e^''cos{ka - kct)][{kp'^e^^ sm{ka - kct) + 2uj pce^^ sm{ka - kct)] 

- e^^s\n{ka - kct)[gkc^ e^^ cos{ka - kct) + 2ujpce^^ cos{ka - kct) - gp] 
=pe^^sm.{ka - kct)[g - kc^ - 2u}c]. 



(3.13) 



March 3, 2013 7:9 WSPC/INSTRUCTION FILE AM_f-plane_Gers_revised 



6 A.-V. Matioc 



Note from the fifth relation in (|2.6p that pressure does not depending on the variable x on 
the wave surface z = r]{x — ct). Therefore, cf. Lemma [3.H it should be independent of a, at 
least when b = bo. This argument leads us to the following restriction 

kc^ + 2ujc - g = 0, (3.14) 

which is a quadratic equation in c. Solving this equation and taking into account that the 
velocity c has to be positive we obtain that c is given by relation ()3.9p . and therewith Pa = 
in i}{t) for all t > 0. Using (|3.14p and ()3.2p . relation ()3.12p may be transformed as follows 

=e^^s'm{ka - kct)[pkc^ e^^ sm.{ka - kct) + 2a;pce'''' sin(A;a - kct)] 

+ [1 + e^^ cos{ka - kct)] [pkc^e''^ cos{ka - kct) + 2pujce^^ cos{ka - kct) - pg] 
=pe^^\kc^ + 2ujc) - pg. 

We integrate now the last expression with respect to b, and since P = Pq on the wave surface 
b = bo, we find the desired expression for the pressure. □ 



In order to prove that the fluid is incompressible we need the following relations 

(3.15) 



Xat = —kce^^ sm{ka — kct), Xat = kce^^ cos{ka — kct), 
Xht = kce^^ cos{ka — kct), x^ = kce^^ sin(/ca — kct). 



Lemma 3.4. The fluid is incompressible, that is for all t > we have 

Ux + Wz = in il.{t). 
Proof. Using the relations (|3.3p and (|3.15p we find 

Ux + =Xtaax + Xtbbx + Ztattz + Ztbbz = 0. 



□ 



In the next lemma we will show that the flow is rotational and that the vorticity decays 
with depth. 

Lemma 3.5. Given {a,b) € Sq, the vorticity of the water particle determined by this coor- 
dinates depends only on the parameter b and is given by 

2kcc''' ....^ 
^ = - l_^2kb - (3-16) 

Proof. Gathering (|3.3p . (j3.6p . and (|3.15p . it follows by direct computations that 

Ikce'^'''' 



7 =Uz - Wx = XtaO-z + Xthhz - Ztattx - Zfbbx 



1 -e 



2kb' 



We note that the vorticity function is negative and is strictly decreasing as a function of 
b. Particularly, when b — )■ — oo, that is at big depths, the vorticity of the flow decreases to 
zero. □ 
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We verify next the kinematic boundary condition, i.e. the sixth equation of system (j2.6p . 
To this end, we recah that the fluid's surface z = r]{t, x) = r]{x — ct) consists on the same 
particles {x(t,a,bQ),y{t,a,bo)), cf. Remark |3. II 

Lemma 3.6. Given t > 0, we have that 

w = r]t + ur]x onz = r]{t,x). (3-17) 

Proof. In order to show that the relation p.l7p is satisfied we observe that (|3.17p is equiv- 
alent to the relation w = {u — c)rix. By the definition of r] we have: 

Za e'^^o sin(/ca - kct) 

r)x[x{t,a,bo)) = — {t,a,bo) - 



Xa ' ' 1 — cos{ka — kct) ' 

cf. p.2p . Using ()3.5p and the previous relation we obtain that 
w — iu — c)rix =ce^^° sin(A:a — kct) 

+ c{e^^'' cos(ka - kct) - 1)- ^ ^ 



1 - e'^^o cos(A:a - kct) 
=0, 

and therefore the kinematic surface condition is satisfied. □ 

Regarding the limiting boundary condition, we note that 

{u,w){t,x, z) = {ce^^ cos{ka — kct) , ce''^ shi{ka — kct)) , {x,z) € 

whereby (a, 6) = {a,b){t, x, z). Since b{t,x,z) \ — oo when z \ — oo, we deduce that 
{u,w){t,x,w) as z — oo. This shows that Gerstner's wave give by the Lagrangian 
description (|3.ip is indeed an explicit solution of the /—plane approximation (|2.6p . 
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